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Abstract
It is found in the literature that the existing scaling results for the bound-
ary layer thickness, velocity and steady state time for the natural convec-
tion ow over an evenly heated plate provide a very poor prediction of the
Prandtl number dependency of the ow. However, those scalings provide a
good prediction of two other governing parameters' dependency, the Rayleigh
number and the aspect ratio. Therefore, an improved scaling analysis using
a triple-layer integral approach and direct numerical simulations have been
performed for the natural convection boundary layer along a semi-innite
at plate with uniform surface heat ux. This heat ux is a ramp function of
time, where the temperature gradient on the surface increases with time up
to some specic time and then remains constant. The growth of the bound-
ary layer strongly depends on the ramp time. If the ramp time is suciently
long, the boundary layer reaches a quasi-steady mode before the growth of
the temperature gradient is completed. In this mode, the thermal bound-
ary layer at rst grows in thickness and then contracts with increasing time.
However, if the ramp time is suciently short, the boundary layer develops
dierently, but after the wall temperature gradient growth is completed, the
boundary layer develops as though the startup had been instantaneous.
Keywords: Boundary layer, vertical plate, ramp heat ux, Prandtl number.
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Nomenclature
g Acceleration due to gravity
H Length of the plate
A Dimensionless width of the domain
B Dimensionless height of the domain
P Dimensional pressure
p Dimensionless pressure
Pr Prandtl number
Ra Rayleigh number
t Dimensional time
tw Dimensional ramp time
ts Dimensional steady state time
T Dimensional temperature of the uid
Tw Dimensional temperature scale on the plate
Tws Dimensional temperature scale at quasi-steady stage
Twq Dimensional temperature scale at quasi-steady mode
u; v Dimensionless uid velocities in the x- and y- direction respectively
U; V Dimensional uid velocities in the X- and Y - direction respectively
Vm Dimensional maximum velocity
Vms Dimensional velocity scale at quasi-steady stage
Vmq Dimensional velocity scale at quasi-steady mode
Vmw Dimensional velocity scale at steady state stage
vm Dimensionless maximum velocity
vms Dimensionless velocity scale at quasi-steady stage
vmq Dimensionless velocity scale at quasi-steady mode
vmw Dimensionless velocity scale at steady state stage
x; y Dimensionless Cartesian coordinates
X; Y Dimensional Cartesian coordinates
Greek letters
 Thermal expansion coecient
T Temperature dierence
inn Dimensional viscous inner layer thickness
inns Dimensional quasi-steady viscous inner layer thickness
innq Dimensional viscous inner layer thickness at quasi-steady mode
innw Dimensional steady viscous inner layer thickness
inn Dimensionless viscous inner layer thickness
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inns Dimensionless quasi-steady viscous inner layer thickness
innq Dimensionless viscous inner layer thickness at quasi-steady mode
innw Dimensionless steady viscous inner layer thickness
T Dimensional thermal layer thickness
Ts Dimensional quasi-steady thermal layer thickness
Tq Dimensional thermal layer thickness at quasi-steady mode
Tw Dimensional steady thermal layer thickness
T Dimensionless thermal layer thickness
Ts Dimensionless quasi-steady thermal layer thickness
Tq Dimensionless thermal layer thickness at quasi-steady mode
Tw Dimensionless steady thermal layer thickness
v Dimensional viscous layer thickness
vs Dimensional quasi-steady state viscous layer thickness
v Dimensionless viscous layer thickness
vs Dimensionless quasi-steady state viscous layer thickness
 w Heat ux
 Thermal diusivity
 Density of the uid
 Kinematic viscosity
 Dimensionless temperature
w Dimensionless temperature scale on the plate
ws Dimensionless temperature scale at quasi-steady stage
wq Dimensionless temperature scale at quasi-steady mode
 Dimensionless time
w Dimensionless ramp time
s Dimensionless quasi-steady time
1. Introduction
Natural convection and heat transfer of the boundary layer along a ver-
tical at plate is a classical problem (Jaluria, 1980; Gebhart et al., 1988;
Hyun, 1994; Bejan, 1995). It is a common phenomenon in nature which is
relevant to industrial systems such as heat exchangers, electronic cooling,
crystal growth procedures, etc. Several methodologies have been used to
observe the boundary layer development along the vertical plate. Recently,
scaling analysis is widely used to predict the ow behavior and heat transfer
of dierent stages of transient ow development. The results of scale analysis
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play an important role in guiding both further experimental and numerical
investigations. It is a cost-eective way that can be applied for understanding
the physical mechanism of the uid ow and heat transfer.
Patterson and Imberger (1980) conducted a pioneering scaling analysis
on the transient behavior of the ow of a dierentially heated cavity. The
authors classied the ow development through several transient ow regimes
into one of three steady state types of ow based on the relative values of
the Rayleigh number Ra, the Prandtl number Pr, and the aspect ratio A.
Later, scaling analysis was performed for various thermal forcing conditions,
e.g. sudden temperature variations (Saha et al., 2011, 2010a,b,c; Lin et al.,
2009; Bednarz et al., 2009, 2010), surface heating/cooling due to radiation
(Lei and Patterson, 2002, 2005), uniform surface heat ux (Armeld et al.,
2007; Lin and Armeld, 2005; Lin et al, 2008; Aberra et al., 2008; Saha et
al., 2012) etc. Scaling is also used for dierent geometries, e.g. rectangular
and triangular cavities, vertical and inclined at plates, cylindrical enclosure,
etc.
It was found in the literature that most of the scaling studies were con-
ducted for an instantaneous thermal condition of either the isothermal or
isoux boundary condition on the wall which is not physically achievable.
Therefore, there is a need to consider the case where the heating changes
with time initially. Saha et al. (2007) were the rst who introduced ramp
temperature boundary conditions to perform scaling analysis for the bound-
ary layer adjacent to an inclined at plate. Later, Patterson et al. (2009) and
Saha et al. (2010a,b,c) followed the same approach for dierent geometries.
However, the study for the ramped heat ux condition, where the temper-
ature gradient changes initially with time and remains constant when the
ramp is nished, is still unrevealed. Therefore, it is the aim of this study to
perform scaling analysis of the boundary layer adjacent to a vertical plate
due to this boundary condition.
For the ramp heating temperature condition on both the vertical and
inclined plates, two scenarios can be observed: (a) the ow enters into the
quasi-steady mode before the ramp is nished and (b) the ow becomes
steady state after the ramp is nished. The scaling results for the latter case
are exactly the same as for the instantaneous heating case. In the former
case, the boundary layer reaches a quasi-steady state before the temperature
growth is completed. In this mode the thermal boundary layer at rst grows
in thickness and then contracts with time and the uid acceleration also
changes character. However, when the ramp is nished, the ow becomes
4
steady state completely. The steady state values of the scaling results are
exactly the same as in the case of instantaneous heating. The most important
part of this boundary layer growth is between the quasi-steady state and the
time when the ramp is nished.
It was found in the previous scaling that the existing scaling relations of
the thickness, velocity and transitional time of the thermal boundary layer
adjacent to an evenly heated at plate do not provide a good prediction of
the Prandtl number dependency of the ow. Recently, a modication of the
existing scaling is performed where a triple layer integral method was used
(Saha, 2011a; Saha et al., 2011; Saha, 2011b). The new, improved scaling
can now handle the Pr dependency very well. Especially, the viscous layer
thickness scale, which is measured from the plate to the place where the
velocity is maximum, can be treated very well for dierent Prandtl numbers.
However, the outer region of the viscous boundary layer still needs more
attention.
Most of the above scaling work was done in the context of an instan-
taneous heating or cooling, that is, a step function, application of either
the isothermal or isoux boundary condition on the vertical or inclined sur-
faces. In reality, this is not possible to achieve physically (e.g. heat transfer
into and out of a building). Therefore, it is necessary to consider the case
where the heating or cooling are applied over some time period. Based on
this realization, various scaling laws are developed for the transient behav-
ior of the unsteady natural convection boundary layer ow of an initially
quiescent homogeneous Newtonian uid with Pr > 1 along a vertical plate
heated with a uniform ramp heat ux. The complex thermal forcing eect is
handled carefully and major ow scales are identied by using a triple-layer
integral approach. Furthermore, a series of Direct Numerical Simulations
with selected values of Ra and Pr in the ranges of 5 107  Ra  109 and
5  Pr  100 is carried out to verify various scaling laws obtained from the
scaling analysis.
2. Problem formulation
Under consideration is the unsteady natural convection boundary-layer
ow of an initially quiescent Newtonian uid (with Pr > 1) adjacent to a
semi-innite vertical plate heated with a uniform ramp heat ux (see Fig.
1). The uid ow is also assumed to be two-dimensional. The temperature
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gradient across the plate is  w which increases linearly with time up to tw
and then remains constant.
The governing equations of motion are the Navier-Stokes equations ex-
pressed in two-dimensional incompressible form with the Boussinesq approx-
imation for buoyancy, which together with the temperature transport equa-
tion are as follows,
@U
@X
+
@V
@Y
= 0 (1)
@U
@t
+ U
@U
@X
+ V
@U
@Y
=  1

@P
@X
+ 

@2U
@X2
+
@2U
@Y 2

(2)
@V
@t
+ U
@V
@X
+ V
@V
@Y
=  1

@P
@Y
+ 

@2V
@X2
+
@2V
@Y 2

+ g(T   T0) (3)
@T
@t
+ U
@T
@X
+ V
@T
@Y
= 

@2T
@X2
+
@2T
@Y 2

(4)
Initially, the uid is quiescent and isothermal at temperature T0. The
initial conditions for velocity and temperature are then
U = V = 0; T = T0 8 X;Y; t < 0 (5)
On a semi-innite vertical wall, the velocity boundary conditions are
U = V = 0; for X = 0; Y  0 (6)
The wall temperature gradient increases linearly from its initial value
0 to the nal value  w at time tw, which is maintained thereafter. The
temperature far from the plate is considered at T0.
It is well known that in natural convection the ow is governed by two
non-dimensional parameters, the Rayleigh number, Ra and the Prandtl num-
ber Pr, where
Ra =
g wH
4

; and Pr =


(7)
3. Scaling Analysis
When the ramp heat ux condition is applied on the plate, the tem-
perature on the plate increases linearly which triggers the transient natural
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convection phenomenon. A thermal boundary layer is developed adjacent to
the plate. To show the eect of the Prandtl number accurately it is nec-
essary to examine the structure of the boundary layer in more detail. It is
noted that for higher Rayleigh number (Ra > 109), we may observe travelling
waves in the boundary layer [Xu-2009]. However, the Rayleigh number we
choose in this study is lower than that. The parameters characterizing the
boundary layer development are predominantly the thermal boundary-layer
thickness T , the maximum vertical velocity um within the boundary layer,
surface temperature Tw, the time ts for the boundary layer to reach steady
state, etc. For better understanding the ow eld, a snapshot of isotherms
and streamlines are plotted in Fig. 2 for Ra = 108 and Pr = 10 at dierent
times.
3.1. Early stage
The basic procedures described in Saha et al. (2012) are followed here but
are appropriately modied for the case of a non-instantaneous temperature
gradient. The energy equation (4) indicates that since the uid is initially
quiescent, the heating eect of the plate will rst diuse into the uid layer
through pure conduction, resulting in a thermal boundary layer of thick-
ness T . Within the boundary layer, the dominant balance is between the
unsteady and diusion terms in the energy equation (4), that is,
T  1=2t1=2 (8)
This scaling is valid until the convection term becomes important. At the
same time the correct balance in the y momentum equation (3) is between
the viscosity and the buoyancy (Saha et al., 2012).
0   @
2V
@X2
+ gT

t
tw

(9)
where T , the total temperature variation over the boundary layer, is of the
order O( wT ). Using (8) this may be written as
T   w1=2t1=2 (10)
A typical temperature and velocity proles adjacent to the semi-innite
at plate is shown in Fig. 3. Since the plate is regid and non-slip, the velocity
of the uid is zero on the plate surface. However, it increases from zero on
the vertical plate and reaches its maximum, which occurs within T . The
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velocity then decreases as the position is further from the plate. Note that
for the case of Pr < 1 the scenario is dierent, which is outside the scope
of this study. Note that outside the thermal layer, the balance between
viscosity and buoyancy is invalid. Instead, the uid is driven by the diusion
of momentum by the viscosity from the region accelerated by buoyancy. The
viscous layer thickness is dened by the length scale v. Therefore, we may
divide the whole boundary layer into three regions as shown in Fig. 3.
In regions I and II, the balance is between viscosity and buoyancy. How-
ever, in region III the balance is between viscosity and inertia. In region I,
the balance (9) gives
Vm  g wT


t
tw

(T   i)2 (11)
In region II, the limit of the integral is taken between (T   i) and T .
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Note that @V=@XjT i = 0 since the velocity is maximum there. Addi-
tionally, we have
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and Z T
T i
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
i   wT

t
tw

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Hence,
Vm  g wT


t
tw

i (v   T + i) (15)
Matching this with equation (11) obtained above for Vm gives
i  
2
T
T   v (16)
As the buoyancy force is negligible in region III, the ow is driven solely by
the diusion of momentum in which the unsteady term balances the viscous
term, yielding
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Vm
t
  Vm
2v
(17)
further,
v  1=2t1=2  Pr1=2T (18)
Hence, (16) becomes
i  
1=2t1=2
1 + Pr1=2
(19)
Additionally, the length of the inner viscous layer (region I) is
inn  (T   i)  Pr
1=2
1 + Pr1=2
T (20)
So the scaling (11) of Vm becomes
Vm  Ra

Pr1=2
1 + Pr1=2
2  
H
 t
tw

t
H2=
3=2
(21)
Equation (21) is the scaling for maximum velocity (Vm) at the start-up
stage. The ow in the period in which the initial thermal balance is between
conduction and unsteady temperature growth is then described by the length
scales (8) and (18), and the velocity scale (21). The temperature is described
by the scale O( wT t=tw), so long as t < tw.
3.2. Quasi-steady state
As time increases, the more heat is convected away. The boundary layer
approaches a steady state until convection balances conduction at time ts,
i.e.
Vm
T (t=tw)
H
 T (t=tw)
2T
(22)
where Vm and T are calculated at ts. The relation (22) leads to a time scale
when the boundary layer reaches a steady state
ts  1
Ra2=7

H2


tw
H2=
2=7
1 + Pr1=2
Pr1=2
4=7
(23)
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The corresponding maximum velocity scale at the steady state time is
Vms  Ra2=7
 
H
H2=
tw
2=7
Pr1=2
1 + Pr1=2
4=7
(24)
The steady state thickness scale of the thermal boundary layer is
Ts  H
Ra1=7

tw
H2=
1=7
1 + Pr1=2
Pr1=2
2=7
(25)
The scaling of the steady state inner viscous boundary layer thickness is
inns  H
Ra1=7

tw
H2=
1=7
Pr1=2
1 + Pr1=2
5=7
(26)
The scaling of the steady state viscous boundary layer thickness is
vs  H
Ra1=7

tw
H2=
1=7
Pr1=2

1 + Pr1=2
Pr1=2
2=7
(27)
The steady state temperature on the wall is then obtained from the thermal
boundary layer thickness and the temperature gradient at the wall as
Tws   wH
Ra1=7

tw
H2=
1=7
1 + Pr1=2
Pr1=2
2=7
(28)
3.3. Quasi-steady mode, ts < t < tw
If tw > ts the boundary layer will reach a quasi-steady state at ts before
the ramp is nished, and for ts < t < tw, the boundary layer will continue to
develop, governed by a balance between convection and conduction. Thus,
for ts < t < tw, the boundary layer ow is also convecting heat away, and the
boundary layer growth will change character when the convection balances
conduction, that is at time ts when
Vm
T (t=tw)
H
 T (t=tw)
2T
(29)
For t > ts, T is no longer governed by (8). This gives
Vm  H
2T
(30)
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The same balances between buoyancy and viscosity still apply in regions I
and II, so that equation (16) holds. Further, since the boundary layer is
in a quasi-steady state, the balance in region III is between advection and
diusion of momentum, so that
Vm  H
2v
(31)
and again equation (19) holds
Using this result the velocity given by the balance in region I is
Vmq  g w
3
T


t
tw

Pr1=2
1 + Pr1=2
2
(32)
Using (30) and (32), the Tq scale at the quasi-steady mode may be ob-
tained as
Tq  H
Ra1=5

tw
t
1=5
1 + Pr1=2
Pr1=2
2=5
(33)
The maximum velocity scale inside the boundary layer is
Vmq  Ra2=5
 
H
 t
tw
2=5
Pr1=2
1 + Pr1=2
4=5
(34)
Corresponding scales for the viscous boundary layer thickness v and the
position of the velocity maximum inn are readily obtained. It is seen from
equations (33) and (34) that, in this quasi-steady stage of the boundary
layer development, the velocity increases, but the boundary layer thickness
decreases with time. At t  tw, the boundary layer becomes completely
steady, with thickness Tw and velocity Vmw given respectively by
Tw  H
Ra1=5

1 + Pr1=2
Pr1=2
2=5
(35)
and
Vmw  Ra2=5
 
H
 Pr1=2
1 + Pr1=2
4=5
(36)
The above discussion can be summarized in the following way: if the
boundary layer reaches to the quasi-steady mode before the ramp is nished,
11
then the development of the boundary layer follows equation (8) which accel-
erates according to equation (21) until time ts; it then interestingly contracts
but accelerates further in a quasi-steady mode until tw, following equations
(33) and (34). When the ramp is nished the ow becomes completely steady
and is described by equations (35) and (36). However, if the steady state time
is longer than the ramp time the boundary layer follows equations (8) and
(21) until the end of the ramp. At tw, the ow and temperature elds are
the same as for an instantaneous start up at the corresponding time, and
any further development beyond tw is identical to that for an instantaneous
start-up (see Saha et al., 2012).
4. Normalization of the governing equations and the scaling
To verify the various scales, numerical solutions of the full Navier-Stokes
and energy equations are obtained for a range of Ra and Pr values. For
convenience, the non- dimensionalized forms of the governing equations are
adopted
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@u
@
+ u
@u
@x
+ v
@u
@y
=  @p
@x
+ Pr

@2u
@x2
+
@2u
@y2

(38)
@v
@
+ u
@v
@x
+ v
@v
@y
=  @p
@y
+ Pr

@2v
@x2
+
@2v
@y2

+RaPr (39)
@
@
+ u
@
@x
+ v
@
@y
=

@2
@x2
+
@2
@y2

(40)
where x; y; u; v; ; p and  are the normalized forms of X;Y; U; V; T; P and
t respectively, which are made normalized by the following set of expressions:
x =
X
H
; y =
Y
H
; u =
U
=H
; v =
V
=H
;  =
t
H2=
; p =
P
2=H2
;  =
T
 wH
(41)
It is noted that the origin of the coordinate system is located at the leading
edge of the heated plate.
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The equations are solved on a domain  0:25  y  B; 0  x  A
where A and B are the non-dimensional width and non dimensional height
respectively. Domain dependency tests were carried out to ensure that the
far eld boundary conditions did not aect signicantly the detailed results
presented below. The following boundary conditions, in non-dimensional
form, are applied
u = v = 0; for x = 0; y  0;
 w =
t
tw
; for x = 0; y  0 and 0  t  tw;
 w = 1; for x = 0; y  0 and t > tw;
u = v = @T
@x
= 0 for x = 0;  0:25  y < 0;
@u
@x
= v = @T
@x
= 0 for x = A;  0:25  y  B;
@2u
@y2
= @
2v
@y2
= @
2T
@y2
= 0 for 0  x  A; y = B;
u = v = @T
@y
= 0 for 0  x  A; y =  0:25:
9>>>>>>>>>=>>>>>>>>>;
(42)
All scalings obtained above can be normalized based on the transforma-
tion (41). However, selected normalized scales are presented here for brevity.
For  < s
T   1=2 (43)
inn  (T   i)  Pr
1=2
1 + Pr1=2
T (44)
vm  Ra

Pr1=2
1 + Pr1=2
2
 5=2
w
(45)
At  = s
s  1
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(46)
vms  Ra2=7
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
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(48)
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
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(49)
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1=7
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
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(50)
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ws  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
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(51)
For s <  < w
Tq  1
Ra1=5
w

1=51 + Pr1=2
Pr1=2
2=5
(52)
innq  Pr
1=2
1 + pr1=2
Tq (53)
vmq  Ra2=5


w
2=5
Pr1=2
1 + Pr1=2
4=5
(54)
wq  1
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w
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(55)
For  > w
Tw  1
Ra1=5

1 + Pr1=2
Pr1=2
2=5
(56)
innw  Pr
1=2
1 + pr1=2
Tw (57)
vmw  Ra2=5

Pr1=2
1 + Pr1=2
4=5
(58)
5. Numerical procedure
Equations (38)-(40) are solved along with the initial and boundary con-
ditions using the simple scheme. The Finite Volume scheme is chosen to
discretize the governing equations, with the quick scheme (see Leonard and
Mokhtari, 1990) approximating the advection term. The diusion terms are
discretized using central-dierencing with second order accuracy. A second
order implicit time-marching scheme is also used for the unsteady term. The
detailed numerical procedure can be found in Saha et al. (2010a,b,c).
Strong ows are present in the vicinity of the plate for the natural con-
vection of a semi-innite vertical at plate. Therefore, a non-uniform rect-
angualr ner mesh near the plate with an expansion factor of maximum 10%
away from the wall is considered. This gives a grid size of 250  150. The
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Run Ra Pr
1 108 5
2 108 10
3 108 20
4 108 50
5 108 100
6 5 107 10
7 5 108 10
8 109 10
Table 1: Values of Ra and Pr for eight simulations run
maximum non-dimensional time step is chosen as 10 6. Grid and time step
dependency tests are undertaken, with results obtained with half the min-
imum grid sizes and expansion rates given above, and half the time steps.
The variation between the results is negligible.
6. Results and discussion
Table 1 shows all simulations of the study. Runs 1  5 are used to show
dependence on Pr and Runs 2; 6  8 show dependence on Rayleigh number.
In the following section, the velocity and temperature proles are cal-
culated at y = 0:5, which is suciently far from the leading edge and the
downstream end of the domain to avoid any end eects. The time series of
the maximum vertical velocity (vm) is also recorded on the same line, which
is used to verify the velocity scaling relation.
Scaling relation (44) predicts that during the start-up stage the inner
viscous boundary layer thickness inn is dependent on Pr only. This scaling
is validated by the numerical results (see Fig. 4). The proles of the non-
dimensional vertical velocity at dierent times during the start-up stage are
directly plotted in Fig. 4(a). Now the velocity v and the distance x are
normalized by the scaling relations (45) and (44) respectively, which are re-
plotted in Fig. 4(b). It is seen from Fig. 4(b) that the two scaling relations
bring all scaled proles within the inner viscous boundary layers into a single
line at the start-up stage, which implies that (45) and (44) are good predictors
of the unsteady velocity and inner viscous layer thickness scales respectively.
The velocity proles at two dierent times for each case are shown in Fig.
5 for dierent Prandtl numbers and Rayleigh numbers in s <  < w. Figure
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5(a) shows the computed vertical velocity proles calculated along y = 0:5.
In Fig. 5(b), the velocity is normalized by its quasi steady scaling value vmq
and the distance is normalized by its quasi-steady viscous layer thickness scale
innq. Clearly, the scaling relations for the quasi-steady velocity scale (54)
and viscous layer thickness scale (53) agree well with the numerical results
since all proles almost overlap onto a single curve in the inner viscous layer
(Fig. 5b).
For the time period  > w, the boundary layer becomes completely
steady state. Figure 6 shows the velocity proles for an arbitrarily selected
time of  > w. Fig. 6(a) shows the dimensionless computed velocity proles
of eight simulations for all the parameters considered here along the same
line as before (y = 0:5). Then, the velocity is scaled by its steady state scale
vmw given by equation (58) and the corresponding distance is scaled by innw
given by equation (57) and plotted in Fig. 6(b). Once again, the steady state
velocity scale (58) and viscous layer thickness scale (57) are conrmed by the
simulation results, as all the velocity prole curves fall on a single curve up
to the position where the velocity is maximum.
The temperature proles are calculated at the same time and on the
same line (y = 0:5) when the velocity proles are drawn (Fig. 6) for  > w.
The computed dimensionless temperature proles are depicted in Fig. 7a
for eight simularions run for all Rayleigh numbers and Prandtl numbers.
Now, the distance is scaled by Tw given by (56) and plotted in Fig. 7(b).
The temperature proles fall on a single curve for the entire length, which
conrms that the thermal layer thickness scale (56) at the steady state stage
is veried.
The time series of maximum vertical velocity is presented in Fig. 8. The
three stages of the ow development can now be identied from the time series
data: the early stage, the quasi-steady stage and the steady-state stage. In
Fig. 8(a), the time series of the dimensionless maximum vertical velocities
vm from all eight simulations are plotted. The velocity is then scaled by the
quasi-steady velocity scale vms given by (47) and plotted in Fig. 8(b) against
the time scaled by quasi-steady time scale s given by (46). The location
of the end of the rst stage on this plot in each case coincides, conrming
that the scalings (46) and (47) are correct. Figure 8(c) shows the time series
of maximum vertical velocity where the x-axis is (=w)
2=5 and the y-axis
represents the rest of the terms of (54). All curves meet at the place where
the ramp is nished and fall together during the steady state stage. This
conrms the scaling relation of (54).
16
Figure 9 illustrates the numerical results of the average surface temper-
ature of the heated vertical plate. The computed time series of the surface
temperature have been plotted in Fig. 9(a) for dierent parameters (Ra and
Pr). It is clear that there are signicant eects of those parameters on the
surface temperature. Figure 9(b) represents the series of the surface temper-
ature where the x-axis is (=w)
1=5 and the y-axis contains the rest of the
terms of equations (55). It is seen that all curves meet at the quasi-steady
mode and at the steady state stage. This conrms the scaling relation of
temperature at the quasi-steady mode (55).
7. Conclusions
Natural convection due to ramp surface heat ux on a semi-innite verti-
cal at plate is examined by scaling analysis and veried by direct numerical
simulations for various parameters considered here. The verication of the
scaling relations includes thermal and viscous boundary-layer developments
as well as surface temperature and several time scales. The ow development
adjacent to the plate for this boundary condition depends on the comparison
of the time at which the ramp temperature gradient is completed with the
time at which the boundary layer completes its growth. It is revealed that
if the ramp time is longer than the steady state time, the thermal boundary
layer reaches a quasi-steady mode in which the growth of the layer is governed
by the thermal balance between convection and conduction. However, if the
ramp is completed before the thermal boundary layer becomes steady, the
subsequent growth is governed by the balance between buoyancy and inertia,
same as in the case of instantaneous heating. Numerical results demonstrate
that the scaling relations are able to accurately characterize the physical be-
havior in each stage of the ow. The present scaling analysis incorporates a
detailed balance in the momentum equation depending on the thickness of
the boundary layer which improves scaling predictions, especially where the
Pr variation eect is taken into account. The scaling relations are formed
based on the established characteristic ow parameters of the maximum ve-
locity in the boundary layer (vm), the time for the boundary layer to reach
the quasi-steady mode (s) and the thermal (T ) and viscous (v) bound-
ary layer thickness. Through comparisons of the scaling relations with the
numerical simulations, it is found that the scaling results agree well with the
numerical simulations. It is also seen from the verication that the scaling
works well for the Pr dependency of the thermal layer thickness and the inner
17
viscous layer thickness. However, for the outer layer a further improvement
of the scaling is needed.
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Figure 2: Snapshot of the isothermas and streamlines for Ra = 108 and Pr = 10 at
dierent times
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Figure 3: A schematic of the temperature and vertical velocity proles on y = 0:5
Figure 4: (a) The plot of the computed data of velocity proles calculated at y = 0:5 for
two times for each of the 8 simulation cases for the case 0 <  < s, (b) scaled velocity
proles plotted against the distance scaled by the distance from the plate to the velocity
maximum for each time.
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Figure 5: (a) The unscaled velocity proles for two times for each of the simulation cases,
(b) scaled velocity proles plotted against the position scaled by the location of the velocity
maximum for the times in (a). The proles are for the case s < 
Figure 6: (a) The unscaled velocity proles at steady state for all simulation cases, (b)
the velocity proles at steady state scaled by the steady state maximum velocity plotted
against the position scaled by the location of the velocity maximum.
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Figure 7: (a) The unscaled temperature proles at steady state for all simulation cases.
(b) The temperature proles at steady state scaled by the nal wall temperature plotted
against position scaled by the steady state thermal boundary layer thickness
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Figure 8: Time series of the maximum vertical velocity in the boundary layer at y = 0:5 for
all simulations; (a) computed velocities. (b) velocities scaled by vs plotted against =s.
(c) velocities scaled by the steady state value Ra
2=5Pr2=5
1+Pr1=2
and plotted against (=w)
2=5
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Figure 9: Time histories of the plate surface temperature for all simulations. (a) computed
temperature (b) scaled temperature plotted against scaled times
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